Resonance & Locus Diagram
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Fig.85

Exafp For the circut shown 100 01H 0uF

in Fig. 8.6, determine the impedance
at resonant frequency, 10 Hz above
resonant frequency. and 10 Hz below |
resonant frequency.

Vs
Fig. 8.6
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Solution  Resonant frequency
1

= mlic
1
" 2mfo1x10x10°
At 10 Hz below/, = 1592 ~ 10 = 1492 Hz
At10 Hzabove f, = 1592 + 10 = 1692 Hz
Impedance at resonance is equal to R
z=100

Capacitive reactance at 149.2 Hz is
1

T wC 2mx149.2x107° x10
=106.6 0

=1592Hz
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Capacitive reactance at 169.2 Hz is
1 1
B e e wrrwrred
©,C " 2mx1692x10x10
o Xy = 94060
Inductive reactance at 149.2 Hz is

X, = ol = 2m X 1492 X 0.

=93750
Inductive reactance at 169.2 Hz is

Xy, = @l = 2m X 1692 X 0.1 = 10631 @
Impedance at 149.2 Hz is

|2 =R +(x, - X )
= (10)* +(93.75-106.6)*

6.28 0

Here X, is greater than X, , so Z is capacitive.
Impedance at 169.2 Hz is

12l = R +(X,, - X,
(10)* +(10631-94.06)*

5.81 0
Here X,, is greater than X, s0 Z s inductive.
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VOLTAGES AND CURRENTS IN A SERIES RESONANT CIRCUIT

‘The variation of impedance and current with frequency is shown in Fig. 8.7.
At resonant frequency, the capacitive reactance is equal to inductive reactance,
and hence the impedance is minimum. Because of minimum impedance, maximum
current flows through the circuit. The current variation with frequency is plotted.
The voltage drop across resistance, inductance and capacitance also varies
with frequency. At /= 0, the capacitor acts as an open circuit and blocks current
‘The complete source voltage appears across the capacitor. As the frequency increases.
X decreases and X, increases, causing total reactance X ~ X, to decrease. As a
tesult, the impedance decreases and the current increases. As the current increases,
Vg also increases, and both Vc.and ¥, increase.
‘When the frequency reaches its resonant value /, the impedance is equal to R,
and hence, the current reaches its maximunm value, and ¥ is at its maximum value.
As the frequency is increased above resonance, Y, continues to increase and X
continues to decrease, causing the total reactance, X, ~ X to increase. As a result
there is an increase in impedance and a decrease in current. As the current decreases,
Vyalso decreases, and both ¥,-and ¥, decrease. As the frequency becomes very high,
the current approaches zero, both ¥ and ¥ approach zero, and ¥, approaches ¥,
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The response of different voltages with frequency is shown in Fig. 8.8.
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Fig.8.8

“The drop across the resistance reaches its maximum when /= /. The maximum
voltage across the capacitor oceurs at /= /.. Similarly, the maximum voltage across
the inductor oceurs at /= f;.

‘The voltage drop across the inductor is

V= 1%,
where 1=2
v, = wLV
R +lmL . .
wC

"o obtain the condition for maximum voltage across the inductor, we have to take
the derivative of the above equation with respect to frequency, and make it equal to zero.
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If we solve for w, we obtain the value of w when ¥, is maximum.
v
L orv|R +[wr - L]
do wC

From this
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v,
To get maximum value —<
do

If we solve for w, we obtain the value of & when V. is maximum.

] e

e _yollge [ ,Ll
T L T





image14.png
From this

at=Ll_E
“Tlca
L _E
“NIc L
11 R’
Je=amVic

‘The maximum voltage across the capacitor occurs below the resonant frequency;
and the maximum voltage across the inductor occurs above the resonant frequency.

CLUIIER 1 sories circuit with R

109, L = 0.1Hand C = 50 uF hasan

applied voltage V = 5020° with a variable frequency. Find the resonant frequency,
the value of frequency at which maximum voltage occurs across the inductor and.
the value of frequency at which maximum voltage occurs across the capacitor.

Solution The frequency at which maximum voltage occurs across the inductor is

" 200.1x50x10

(10)° x50x10

=7208Hz
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similaly fe =5 \7o 57

1 1 _ (0
2mY0.1x50x10°  2x0.1
=2i‘/zooooafsoo
1r
= 7108 Hz

1 1
Resonant frequency  Jf, = == ———=—
b 2mVLC 2m0.1x50x107°

Itis clear that the maximum voltage across the capacitor ocurs below the resonant
frequency and the maximum inductor voltage occurs above the resonant frequency.

1.18 Hz




image16.png
‘The bandwidth of any system is the range of frequencies for which the current or
output voltage is equal to 70.7% of its value at the resonant frequency, and it is
denoted by BIV. Figure 8.9 shows the response of a series RLC circuit.
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Here the frequency f; is the frequency at which the current is 0.707 times the
current at resonant value, and it is called the lower cut-off frequency. The frequency f;
is the frequency at which the current is 0.707 times the current at resonant value
(i.e. maximum value), and is called the upper cut-off frequency. The bandwidth,
or B, is defined as the frequency difference between f, and /.

BW=f—f,
‘The unit of BIY is hertz (Hz).

If the current at P, is 0.7071,,, the impedance of the circuit at this point is V2R,
and hence

~wL=R @1
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L(w, +wy) (83)

From Eq. 8.3, we get




image19.png
oy =70

ic

a1

wehave o} =—
c

W%, = gy

1f we add Eqs 8.1 and 8.2, we get

From Eq. 8.6, we have

v =2
2mo= ]
R
K=
R
or BW=-——
2mL

From Eq. 8.8, we have

84)

8.5)

(8.6)

®7)

8.8)
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The lower frequency limit f; = , - % 8.9
The upper frequency limit  f; = /, + % (8.10)
1f we divide the equation on both sides by /. we get

e s

2nf,L
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Here an important property of a coil is defined. It is the ratio of the reactance of the
coil o s resistance. This ratio is defined as the 0 of the coil. Q is known as a figwre of
merit, it i also called quality factor and is an indication of the quality of a coil

X, 2L
=X 2L 8.12
2= 3 (®.12)
If we substitute Eq. 8.1 in Eq. 8.12, we get
Li-h_1 ®.13)
S

‘The upper and lower cut-off frequencies are sometimes called the halfpower
Jfrequencies. At these frequencies the power from the source is half of the power
delivered at the resonant frequency.

At resonant frequency, the power is

max = P

2

At frequency f,, the power is P, =

Similarly, a frequency ,, the power is

2
L
p=|==| &
-]
n
2
“The response curve in Fig. 8.9 is also called the selectiviy curve of the circut.

Selectivity indicates how well a resonant circuit responds to a certain frequency and
eliminates all other frequencies. The narrower the bandwidth, the greater the selectivity.
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Determine the quality factor of a coil for the series circuit
consisting of R = 100, L= 0.1 Hand C = 10 uF.

£

Solution Quality factor Q

BW
1

1
20LC 2m0.1x10x10°¢

Atlower half power frequency, X > X,

L

2ufC
—R+JR*+4L/C

anL

A =1592Hz

From which f; =

At upper half power frequency X, > X
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BW R 10

‘The quality factor, 0, is the ratio of the reactive power in the inductor or capacitor to
the true power in the resistance in series with the coil or capacitor.
‘The quality factor

0=2mx

‘maximum energy stored
energy dissipated per cycle

2
In an inductor, the max energy stored is given by 2/
2

2 2
Enugydis&ipamdpﬂcycl:=[%] rxr =LA

. Quality factor of the coil 0 = 2mx—2
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Similarly, in a capacitor, the max energy stored is given by < —
The energy dissipated per cycle = (1/+/2)? R x T
‘The quality factor of the capacitance circuit

B . wl_ 1
) f L T
In sriesciruit, the quality factor 0= =~

We have already discussed the. relation between bandwidth and quality factor,
which is.

B

S
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A higher value of circuit Q results in a smaller bandwidth. A lower value of Q0
causes a larger bandwidth.




image26.png
Exanple 5.6 [N b
circuit shown in Fig. 8.10,

determine the value of Qat
resonance and bandwidth
of the circuit. v '\)

Fig.
Solution The resonant frequency,

1
. 2mLC
1

" 2mf5x100x10¢

=7.12Hz
Quality factor Q = X,/R = 2mf,LIR

2mx7.12x5
100

224

Bandwidth of the circuit is BW =

178 Hz

100 F

100

5H
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'MAGNIFICATION IN RESONANCE

1f we assume that the voltage applied to the series RLC circuit is ¥, and the current at
resonance is /, then the voltage across L is ¥, = IX, = (V/R) w,L
Similarly, the voltage across C

Since Q= 1/w,CR = w, LIR
where w, is the frequency at resonance.
Therefore ¥, = VQ

Ve=vo
‘The ratio of voltage across cither L or C to the voltage applied at resonance can
be defined as magnification.
Magnification = 0 = V,/V or V/V'
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Basically, parallel resonance occurs when X, = X,. The frequency at which

resonance occurs is called the resonant frequency. When X = X,, the two branch
Re X currents are equal in magnitude and

180° out of phase with each other.
‘Therefore, the two currents cancel cach
other out, and the total current is zero.

R Consider the circuit shown in Fig. 8.11.
v The condition for resonance oceurs
when X, = Xe.

In Fig. 8.1, the total admittance

At resonance the susceptance part becomes zero
1

_ec (8.15)
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(8.16)

‘The condition for resonant frequency is given by Eq. 8.16. As a special case, if
R then Eg, 8.16 becomes.





image30.png




image31.png
Example 8.7

Find
the resonant- frequency in
the ideal parallel LC circuit
shown in Fig. 8.12. S S Lsice
Fig. 8.12
1
solution
K

1

" 25010 x0.01x10*
7117.6 Hz
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The parallel resonant circuit is generally called a tank circuit because of the fact
that the circuit stores energy in the magnetic field of the coil and in the electric

2 field of the capacitor. The stored energy
is transferred back and forth between the
capacitor and coil and vice-versa. The tank

circuit is shown in Fig. 8.13. The circuit is.
S said to be in resonant condition when the
* . susceptance part of admittance is zero.
The total admittance is
© Y Ll @®17)
Fig.8.13 R +jX,  —jXc :
Simplifying Eq. 8.17, we have
To satisfy the condition for resonance, the susceptance part is zero.
1 i)
- (8.18)

X RB+x}
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From Eq. 8.19, we get

R+’

W'

1 R o
= L 8.20)
wc p 622

‘The resonant frequency for the tank circuit is

V1 R
Pt 821
S=m\ie &
CILXER For the tank circuit 10 01H
shown in Fig. 8.14, find the resonant iy ]
frequency.
104F
%

Fig.8.14
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(994.98) = 158.35 Hz

‘The impedance of a parallel resonant circuit is maximum at the resonant frequency
‘and decreases at lower and higher frequencies as shown in Fig. 8.15.
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Fig.8.15

At very low frequencies, X, is very small
and X s very large, so the total impedance
is essentially inductive. As the frequency
increases, the impedance also_increases,
and the inductive reactance dominates until
the resonant frequency is reached. At this
point X, = X and the impedance is at its
‘maximum. As the frequency goes above
resonance, capacitive reactance dominates
and the impedance decreases.

QFACTOR OF PARALLEL RESONANCE -

Consider the parallel RLC circuit shown in Fig. 8.16.
In the circuit shown, the condition for resonance occurs when the susceptance

partis zero.
I Admittance ¥ =G+ jB (8.22)
A i le
1 1
o joC 4+ ——
v R L ¢ TR L
e + /[mc— ] (8.23)

‘The frequency at which resonance oceurs is

wet =g
wlL

(8.24)
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‘The voltage and current variation with frequency is shown in Fig. 8.17. At resonant
frequency, the current is minimun.

‘The bandwidth,  BW = f;~£;
For parallel circuit, to obtain the lower half power frequency,
1 1

c-—4 826
wC-or=g (®26)

From Eq. 8.26, we have
PSP T S, 8.27)
\+2¢ " Ic 0 ®27)

1f we simplify Eq. 8.27, we get
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(8.28)

(829

From Eq. 8.29, we have

1 1),
R SR 0 0 830
“272rC [IRC *ic ®30)
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Bandwidth BW =0, o, = F]E

“The quality factor is defined as 0, =

o, -

2 — @ RC
1/RC

In other words,

maximum energy stored
Energy dissipated /cycle

In the case of an inductor,

0=2mx

‘The maximum energy stored

Energy dissipated per cycle




image39.png
1/2(L1%)
T
TR

g
o

o o=amx i ekl
0=y

27
o LSV
P
For a capacitor, maximum energy stored = 1/2 (CV?)
. _ _r
Energy dispated percycle =PxT =2

The quality factor Q= 2mx

12Acv?)
T

The quality factor Q=27
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EXED macNIFicATION |

Current magnification occurs in a parallel resonant circuit. The voltage applied to the
parallel circuit, ¥ = IR

IR
Sy
ol 0,

Since 1, =

v
,C
Therefore, the quality factor 0, = I,/T or I/T

‘The effect of variation of frequency on the reactance of the parallel circuit s shown
in Fig. 8.18.
The effect of inductive susceptance,

-1
B, -—L
7 2mfL

For the capacitor,

IRa,C =10,

Inductive susceptance is inversely proportional to the frequency or w. Hence it is
represented by a rectangular hyperbola, MN. It is drawn in fourth quadrant, since B, is
‘negative. Capacitive susceptance, B = 2fC. It is directly proportional to the frequency

for w. Hence it is represented by OP, passing through the origin. Net susceptance
B = B— B, Itis represented by the curve JK, which is a hyperbola. At point w,, the total
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Fig. 818

susceptance is zero, and resonance takes place. The variation of the admittance ¥ and the
current /s represented by curve V1. The current will be minimum at resonant frequency.

 LOCUS DIAGRAMS
A phasor diagram may be drawn and is expanded to develop a curve; known as a
locus. Locus diagrams are useful in determining the behaviour or response of an
RLC circuit when one of its parameters is varied while the frequency and voltage
kept constant. The magnitude and phase of the current vector in the circuit depends
upon the values of R, L, and C and frequency at the fixed source voltage. The path
traced by the terminus of the current vector when the parameters R, L or C are varied
while fand v are kept constant is called the current locus.
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The term circle diagram identifies locus plots thatare either circular or semi-circular
loci of the terminus the tip of the arrow) of a current phasor or voltage phasor. Circle
diagrams are often employed as aids in analysing the operating characteristics of
circuits like equivalent circuit of transmission lines and some types of AC machines.

Locus diagrams can b also drawn for eactance, impedance, susceptance and admittance
‘when frequency i variable. Loci of these parameters fumnish important information for use:
i circuit analysis. Such plots are particularly seful in the design of elecric wave filters.

Series Circuits

To discuss the basis of representing a series circuit by means of a circle diagram consider
the circuit shown in Fig. 8.19 (2). The analytical procedure is greatly simplified by

I

X
1l

Q@

2R

Fig. 8.19 (a)

‘assuming that inductance elements have no resistance and
that capacitors have no leakage current.

The circuit under consideration has  constant
reactance but variable resistance. The applied voltage
will be assumed with constant rms voltage V. The
power factor angle is.designated by 0. If R =0, I,
is obviously equal to. —-— and has maximum value.

Also I lags ¥ by 90°. This is shown in Fig. 8.19 (b).
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Fig. 8.19 (¢)

Fig. 8.19 (d)

If R is increased from zero value, the
‘magnitude of / becomes less than XL

L
and 6 becomes less than 90° and finally
when the limit is reached, i.c. when R
equals to infinity, / equals to zero and
6 equals to zero. It is observed that the
tip of the current vector represents a
semicircle as indicated in Fig. 8.19 (b).
In general

®31)

L
For constant ¥ and X, Eq, 8.31 is the
polar equation of a circle with diameter
Y Figure 8.19 (b) shows the plot of
X,
Eq. 8.31 with respect to ¥ as reference.
‘The active component of the current
1, in Fig. 8.19 (b) is 01 cos 0 which is
proportional to the power consumed in
the RL circuit. In a similar way we can
draw the loci of current if the inductive
reactance is replaced by a capacitive
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reactance as shown in Fig. 8.19 (c).
The current semicircle for the RC circuit with variable R will be on the lefi-hand side

of the voltage vector O with diameter XL as shown in Fig. 8.19 (d). The current
Vector Ol leads ¥ by 6°. The active component of the current /.Y in Fig. 8.19 (d) is
Ol cos 6 which is proportional to the power consumed in the RC circuit.

(a) Circle Equations for an RL Circuit

Fixed reactance and variable resistance. The X-co-ordinate and Y-co-ordinate of , in
Fig. 8.19 (b) respectively are Iy = I, sin 0; 1, = , cos 6.

Where [, = R+ X}
Iy #32)
I, (833)
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Squaring and adding Eqs 8.32 and 8.33, we obtain

(834)
. " 2ot
. Equation 8.34 can be writienas 13 + 1} = —
v f
or If+lf-—-Iy=
el =gl
,
Adding [7] o both sides the above cquation can be written as
L
v
Ix=5% 8.35
[" 2X, [zx ®35)

Equation 8.35 represents a circle whose radius is ——— and the co-ordinates of
v L
the centre are ——,0,
2x,
In a similar way we can prove that for a series RC circuit as in Fig. 8.19 (c),
with variable R, the locus of the tip of the current vector is a semi-circle and is
given by

S - (8.36)

“The centre has co-ordinates of — -, 0 and radius as .
L 22X,
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[EW SERIES RESONANCE .

In many electrical cireuits, resonance is a
very important phenomenon. The study of
resonance is very useful, particularly in the
area of communications. For example, the
ability of a radio receiver to select a certain
frequency, transmitted by 2 station and to
climinate frequencies from other stations
is based on the principle of resonance. In a
series RLC circuit, the current lags behind,
or leads the applied voltage depending upon
the values of X, and X. X, causes the total
current to lag behind the applied voltage,
while X causes the total current to lead the
applied voltage. When X,, > X, the circuit is
predominantly inductive, and when X, > X;,

the circuit is predominantly capacitive. However, if one of the parameters of the

series RLC circuit is varied in such a way that the current in the circuit is in

phase with the applied voltage, then the circuit is said to be in resonance.
Consider the series RLC circuit shown in Fig. 8.1.
‘The total impedance for the series RLC circuit is

z:k+/4Xl—X():R+/[uL-LC
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(b) Fixed Resistance, Variable Reactance
Consider the series RL circuit with constant resistance R but variable reactance X, as
shown in Fig. 8.20 (a).

Fig. 8.20 (a) Fig.820(b) ¢\
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When.X, = 0, ssumes masimum vaue o £ ¥ and 0 = 0, the power factor of the
ciruitbecomes unity: s the value X, i ncreased fom 70, , i educed and finally
when X; is a, current becomes zero and 6 will be lagging behind the voltage by 90° as
shown i Fig. 8.20 (b). The current vector describes a semicircle with diameter ¥ and

R
lies in the right-hand side of voltage vector OV. The active component of the current
01, c0s i proportional tothe power consumed in the L circuit.
Equation of Circle

»
Consider Eq. 834 [} +1f =———
Ea TR
2_ g2 R
FromEq 833 2= R+ X} =~ ®.37)
Substituting Eq. 8.37 in Eq. 8.34 v
v
B+rp==1, (838)
¥ =
v
[§,+1§—;I 0

2
Mdi,@[%] to both sides the above equation can be written as

2 e
- 6 e

Equation 8.39 represents a circle whose radius is % and the co-ordinates of the
centre are 0;
2R

I+,

Let the inductive reactance in Fig. 8.20 (a) be replaced by a capacitive reactance
as shown in Fig. 8.21 (a).
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Fig. 8.21(a)

o X=e
Fig. 8.21 (b)
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The current semicirle of a RC ciruit with variable X will be on the lef-hand
side of the voltage vector OF with, dumem  The current vector Ol leads ¥'by 6°.

As before, it may be proved thatthe equation ofth circle shown in Fg. 8.21 (b) is

vy V]Z
B+ -—| =|—=
ER AT [ZR
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Fig. 8.22 (2) plt the locus of the current, mark B
the range of formaximum andminimum valves 200
of R, and the maximum power consumed in 500
the circuit Assume X, = 25 0 and R = 50 €1 ®
The voltage is 200 V; 50 Hz.

Fig. 822 (a)

Solution Maximum value of current

I =22 A 0= 90°

™S

Minimum value of current
200
Tnia
(50)° +(2s)"
‘The locus of the current is shown in Fig. 8.22 (b).
Power consumed in the circuit is
v proportional to / cos © for constant V.
The maximum ordinate possible in the

semicircle (43 in Fig. 8.22 (b)) represents
the maximum power consumed in the

T71A;6=21.76°

i circuit. This is possible when 6= 45°,
27.15' under the condition power factor cos
6=cosds®= .
—— s 2
o822 Hence, the maximum power consumed

i..uuni.vun=yxu=ni';.£
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Example 8.13 S, TS X
locus of I, and I for the parallel A
circuit shown in Fig. 8.29 (a).

A
Ul Xe,

vif
Fig. 829 (a)

Solution I, leads the voltage by a fixed
. -1 X
angle 6, given by tan’ *
I varies according to the value of X,
1 is maximum when X, = 0 and is
in phase with
I is zero when X, =  as shown in
Fig. 8.29 (b).

Fig. 8.29 (b)
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Itis clear from the circuit that the
current [ = Vy/Z.

“The circuit is said to be in resonance
if the curent is in phase with the
applied voltage. Ina series RLC circuit,
series resonance occurs when X, = X
“The frequency at which the resonance
occurs s called the resonant frequency.
Since X, = X, the impedance in a series RLC circuit is purely resistive. At the
resonant frequency, /. the voltages across capacitance and inductance are equal in
‘magnitude. Since they are 180° out of phase with each other, they cancel each other
and, hence zero voltage appears across the LC combination.

At resonance

Fig. 8.1

X, =Xc ie ol=
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In a series RLC circuit, resonance may be produced by varying the frequency,
keeping L and C constant; otherwise, resonance may be produced by varying cither
Lor C for a fixed frequency.

EILEER  ror the circuit shown s00 425 -iXe
in Fig. 8.2, determine the value of h——ri
capacitive reactance and impedance at

resonance.

Solution At resonance

X=X
Since X, =250
1
Xc=25Q . —=25
< wC
“The value of impedance at resonance is
z=R

Z=500
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The impedance of a series RLC circuit is

7 +[1ul.

Fig. 8.4
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At zero frequency, both X¢ and Z are infinitely large, and X, is zero because at
zero frequency the capacitor acts as an open circuit and the inductor acts as a short
circuit, As the frequency increases, X decreases and X, increases. Since X is larger
than Y,, at frequencics below the resonant frequency f;. Z decreases along with X,..
At resonant frequency f,, Xc = X), and Z = R. At frequencies above the resonant
frequency /. X, is larger than X, causing Z1o increase. The phase angle as a function
of frequency is shown in Fig. 8.5

Ata frequency below the resonant frequency, current leads the source voltage
because the capacitive reactance is greater than the inductive reactance. The phase
angle decreases as the frequency approaches the resonant value, and s 0° at resonance.
At frequencies above resonance, the current lags behind the source voltage, because
the inductive reactance is greater than capacitive reactance. As the frequency goes
higher, the phase angle approaches 90°.





